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All questions carry equal marks. 

1. (A) (a) Prove that 5A  is a simple group. 5 

 (b) Prove that the commutator subgroup of nS  of nA . 5 

 (c) If G is solvable group, prove that every subgroup and every quotient 
group of G is also solvable. 5 

OR 

(B) (a) Prove that every finite abelian group }1{G  contains a sub-group of 
prime index. 

 (b) If is a 5-cycle in 5S  and   is a transposition in 5S , prove that 

5, S .

2. (A) (a) Find all prime subfields of a field. 8 

 (b) If F is a field, prove that a nonzero polynomial ][)( xFxp   is irreducible 

if and only if )(xp  is a prime ideal. 7 

OR 
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(B) (a) State and prove Eisenstein Criterion. 8 

 (b) Prove that the pth Cyclotomic polynomial )(xp  is irreducible in ℚ[x] for 

every prime p. 7 

3. (A) (a) Prove that a finite field extension of a finite field extension is finite field 

extension. 7 

 (b) Let ][)( xFxp   be an irreducible polynomial of degree d. Prove that 

)(/][ xpxFE   is a field extension of F of degree d and E contains a 

root  of )(xp . 8 

OR 

(B) (a) If ][)( xFx  , prove that any two splitting fields of )(xf  over F are 

isomorphic by an isomorphism fixing F point wise. 9 

 (b) Find the Galois group of 14 x  over ℚ. 6 

4. (A) (a) If F is field with multiplicative group }0{ FF , prove that every finite 

subgroup G of F  is cyclic. 7 

 (b) Prove that ))(|)(( pGFpGFGal n �n for all prime p. 8 

OR 

(B) (a) If p is a prime, F is a field of characteristic zero, cxxf p )( , prove 

that either )(xf  is irreducible in ][xF  or c has a pth root in F. 8 

 (b) Prove that there exists a quintic polynomial )(xf ℚ[x] that is not 

solvable by radicals. 7 
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5. (A) (a) Let FE |  be a Galois Extension, and let B be an intermediate field. 
Prove that the following conditions are equivalent : 

  (i) B has no conjugates 

  (ii) if )|( FEGal , then )|(| FBGalB  . 

  (iii) FB |  is a Galois extension. 10 

 (b) If FE |  is a Galois extension and B is an intermediate field, then BE |  
is a Galois extension. 5 

OR 

(B) (a) State and prove Hilbert’s theorem. 9 

 (b) Prove that the Galois field )( npGF  has exactly one subfield of order 
dp  for every divisor d of n. 6  

 (5  15 = 75 Marks) 

 

———————— 

gc
wce

ntr
all

ibr
ar

y.i
n


