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(Answer either part A or B of each question) 

I. (A) (a) Show that 1l  is a proper subspace of 0c .                        4 

 (b) Show that if X is a finite dimensional normed space, then every closed 
and bounded subset of X is compact.              7 

 (c) Is ( , 1 ) strictly convex? Justify.                           4 

(B) (a) Show that every bijective linear map from a finite dimensional normed 
space X to a normed space Y is a homeomorphism.                             4    

 (b)  Show that a linear functional f on a normed space X is continuous if 
and only if the zero space Z(f) is closed in X.  7 

 (c) Give an example of a discontinuous linear functional.              4 

II. (A) (a) State and and prove Hahn-Banach separation theorem.            7 

 (b) State the Hahn-Banach extension theorem. Is the Hahn-Banach 
extension unique? Justify. 6 

 (c) Give an example of a convex set which is not a convex body.       2 
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(B) (a) Show that if Y is a proper dense subspace of a Banach space X, then 

Y is not a Banach space in the induced norm.                                      4 

 (b) Prove that a Banach space cannot have a denumerable basis.  7 

 (c) Is  
200,c  a Banach space? Justify.  4 

III. (A) (a) Show that a set of continuous functions from a metric space to a metric 

space can be bounded at each point without being uniformly bounded.               

  5 

 (b) State the Uniform boundedness principle and explain it geometrically. 5 

 (c)  Show that the hypothesis of completeness on X cannot be dropped 

from the Uni-form boundedness principle.                                          5 

(B) (a) Show that a continuous map is always closed.                            2 

 (b) State and prove closed graph theorem.                                     9 

 (c) State the open mapping theorem and show that the completeness of  

X and Y  cannot be dropped.                                                            4 

IV. (A) (a) State and prove Bounded inverse theorem.                               4 

 (b) State and prove two norm theorem.                                    11 

(B) (a)  If A is an invertible bounded linear operator on a normed space X, then 

show that  )(:)( 11 AkkA    .  4 

 (b) State and prove spectral radius formula.                                 11 
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V.  (A)  (a)  Show that weak convergence and convergence are equivalent in a 
finite dimensional normed space.                                                           7 

 (b) Prove that a closed subspace of a reflexive normed space is reflexive.    
    8  

(B) (a) Show that not every continuous linear map is compact.                   3 

 (b) If X is a normed space and Y is a Banach space, then show that 
),( YXCL  is a closed subspace of ),( YXBL .  9 

 (c) Is the map given by ),(),( 22121 xxxxxF   compact? Justify.  3 
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