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Time : 3 Hours. ~ Max. Marks : 75

(B) (a)

(b)

Answer either PART A or PART B of each question.

All questions carry equal marks.

Define absolutely convergent series. Prove that if Xa, converges
absolutely then > a, converges. - 7

If G is open and connected and f:G—C is differentiable with
f'(z)=0 for all zin G, then prove that f is constant. 8

OR

If y:[a, b]— Cis piecewise smooth then prove that » is of bounded

b .
variation and V/(y) = [|y'(t)|dt. - | 10
. a 1
If » s pieceWise smooth and f:[a, b]—}C is- continuous then
b b
[fdy = [f(t)y"(t)dt. 5
a a
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2.

(A)

(A)

(B)
(A)

(B)

(a)

Define entire function. If f is an entire function then prove that f has a
power series expansion with infinite radius of convergence. 5

Let G be a connected open set and let f be an analytic function defined
on G. Prove that the following statements are equivalent.

() f=0

(i) thereis a pointain G such that f™(a)=0 for each n>0.

(i) {zeG:f(z)=0} has a limit pointin G. o | 10
| OR
(a) State and Prove Fundamental Theoréh of Algebra. 6
(b) State and prove Maximum Modulﬁs Theorem. ¢
(a) State and prove Cauchy’s integral formula 2" version. 8 |
(b) State and prove !ndepe_ndence of Path Theorem. 7
OR
State and prove Gaorsat's Theorem. . 15
(a) If fhas an isolated singularity at a then-prove that z = a is a removable

(b)

(b)

singularity if and only if z"ﬂl (z-a)f(z)=0. 8
State and pfove Residue Theorem. 7
OR
State and Prove Casorati-Weierstrass Theorem. 7
Show that | gy 8
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(A) (a)

(b)

(B) (a)

In the extended plane, find d(z, z’), the distance between z and z' and
d(z, ). S ' 6

- Obtain Schwarz’'s Lemma. ' 9

OR

Let z, z,, Zz3,Z2, be four distinct points in C,. Then prove that
(24, 25, Z3, Z4) is a real number if and only if all four points lie on a

circle. Also, prove that a Mobius transformation takes circles into
circles. , 10

State and prove Symmetry Principle. | 5

(5 x 15 = 75 Marks)
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Answer five questions choosihg Part-A or Part-B from each questioh
'All questions carry equal marks.

1. (A) (a) Prove that two graphs are isomorphic if and only if their complements
are isomorphic.

(b) Find the automorphisrﬁ group of C5.

(c) Let v be a vertex incident with a bridge in a connected graph G. Show
that v is a cut-vertex of G ifand only ifdeg v > 2.

OR

(B) (a) Show that isomorphism is an equivalence relation on the set of all
graphs.

(b) Prove that any two distinct blocks of a nontrivial connected graph have
at most one vertex in common.

(c) Let G be a cubic graph. Prove that «(G) = A(G).
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(B)

(A)

(a)

(b)

(@)

(b)

(c)

(a)
(b)
()

(a)

(b)

(a)

(b)

Show that a nontrivial connected graph G is Eulerian if and only if -
every vertex of G has even degree.

Prove that the Peterson graph is non-Hamiltonian.
OR

Obtain a necessary and sufficient condition for the Cartesian product
G x Hof two nontrivial connected graphs G and H to be Eulerian.

Let G be a graph of order n > 3. If degu + degv = n for each pair u,v
of nonadjacent vertices of G, prove that G is Hamiltonian.

Define Hamiltonian number and give an example.
Show that every tournament contains a'Hamiltonian path.
State and prove the Marriage Theorem.

Prove that the Peterson graphis the unique 5-cage.
OR

‘Let G be a bipartite-graph with partite sets U and w such} that

r =|U| < |W|. Prove that G contains a matching of cardinality rif and
only if U is neighborly.

For eVery integer k > 1, prove that the complete graph Ky, is
Hamiltonian factorable.

Describe the problem of the Five princes and the problem of the Five
Places. k. :

Let k and n be integers with 2 < k < n. Among all graphs of order n
that do not contain K, ; as a subgraph, prove that at least one of those

having maximum size is a k-partite graph.

Find RR(F,P;).

OR
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(A)

(B)

(b)

©

(a)
(b)

(c)

Show that a graph G is 2-chromatic if and only if Gis bipartite.

Define edge chromatic number of a graph G. Give an example of a
graph G which is 4edge chromatic.

For every.treé T, oforder m > 2 and every integer n > 2, prove that

r(T,.K,)=(m-1)(n-1)+1.

Define radius and diameter of a graph G. Prove that
rad(G) < dim(G) < 2 rad (G).

Define locating number of a graph G. Prove that a connected graph G
of order n has locating number 1 ifand only if G = F,.

For each pair a, b of positive integers'with a < b < 2a, prove that there
exists a connected graph G with rad;;(G) = a and diam,(G) =b.

OR

Prove that the center of every connected graph G is a subgraph of
some block of G.

Let G be a connected graph. Prove that a vertex v is a boundary vertex
of G if and only if vis not an interior vertex of G.

Define radio k-coloring. Give an example of a graph G for which
rc,(G) = 6.

(5 x 15 = 75 Marks)
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(1) Answer either Part A or Part B of each questions.
(2)  All question carry equal marks.

1. (A) (a)

(b)

(B) (a)

(b)

Prove that the sequence space /¥, ¥< p < = is a normed linear space. §

If Y is a closed subspace of a normed space X, define the quotient
norm on X,Y. Verify that itis.a norm on X,Y. Prove that a sequence

{X,+y} in X/Y converges to X+Y in XY if and only if there is a
sequence (Y,) in Y such that (X, +Y,) converges to X in X. 10

OR

If Y is a finite dimensional subspace of a normed space X, prove that
Y is complete. 6

Let X denote a subspace of B(T) with sup norm, 1e X and f be a
linear functional on X . If fis continuous and [f] = (1), then prove that f

is positive. Further if Rex e X wheriever xe X and if f is positive, then
prove that f is continuous and |f| = f(1). 9
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(B)

(A)

(B) -

(A)

(B)

(b)
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geY', there is @ UNIGUe Hahn-Bange, extension of gto X if and only
if X" is strictly conveX. . iy

OR

Show that a normed SPaCe X is 3 Banach space if and only if every
absolutely summable Series of elements in X is summable in X. 7

If Y is a closed subspace of a normed space, show that X is a Banach
space if and only if Y and X/Y are Banach spaces in the induced

norm and the quotient NOMM, respectively. 8

State and prove Uniform boundedness principle. 9

State and prove Banach-Steinhaus theorem. 6
OR

State and prove the closed graph theprem. 9

If X and Y are normed spaces and\F: X — Y is linear, show that F is
an open map if and only if ther@.€xists some y >0 such that for every

y €Y, there is some x € X W Fix)=y and |x] < #|Y] . 6

If X is a normed space.and A e BL(X) is of finite rank, prove that

o,(A)=0,(A) = c(A). 9 |

If X is a Banach space, AeBL(X) and j4§<1 for some positive
integer p, prove that the bounded operator I-A is invertible. 6

OR

If X is a nonzero Banach space over € and A e BL(X), prove that

(@)

(b)

o(A) is non empty 7
L=l :
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(b) X'is reflexive.

(c) Every closed subspace of X is reflexive- 6
OR
(B) (a) Prove that the normed space /= js not reflexive.
=c(A) 7

(b) If X is anormed space and A< CL(X) » c,(A)
(5x15=75 Marks)
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